SYNDROME
DECODING



Definitions of the components/Keywords:

* A block code of length 1 and g"f codewords is called a linear (n,k) code if and only if its
j"" codewords forma k- dimensional subspace of the vector space of all the T1- tuples
over the field GF(2).
* Any codeword v = uG

where u is the message and G is the generator matrix

The dimensionofvislxn,uislxkandGiskxn
» The error vector or error pattern e is the difference between the received n-tuple r and the
transmitted codeword v:

hence the received vector r is the vector sum of the transmitted codeword and the error
vector.

r=v+e

* Whenr is received, the decoder computes the following:

s=71 HT

s is called the Syndrome of r
The dimensionofsis1xn-k,risl1xnand HT isnXxn-k

. Qg_d_ition of any two codewords results in another codeword and the addition is Modulo — 2
addition



Master Layout

(6,3) linear block code

* Provide a box to enter the
received vector that is to be
decoded

* The vector is sequence of 1s
and 0s

Standard Array




Ste p 1 " | Standard Array Decoding

The generator matrix for (6,3) linear code is :

L 0 0 1 0 1
G = o 1 o 1 1 1)
o0 1 01 ]._

Generator Matrix

Instruction for the animator Text to be displayed in the working area (DT)

« Initially keep the page blank « Consider a (6,3) linear code

» Then show the first two sentences and » The generator matrix for the code is shown
show the matrix




Step 2:

All the code words of (6,3) are
C ={000 000, 001 011, 010 110, 100 101, 011 101, 101 110, 110 011, 111 000}

Instruction for the animator Text to be displayed in the working area (DT)

« Retain the generator matrix and show « These are the codewords of (6,3) code.

the statement and the bit sequences i . . .
of 1s and Os given above » These are obtained by multiplying the message bits with the
generator matrix

* Then show the text in DT




Step 3:

000 000 { 001 011 010110 100101 011101 101110 110011 111000

Instruction for the animator Text to be displayed in the working area (DT)

 First show the text in DT « To construct a standard array, place all the codewords in the first

) row starting with the all -zeros codeword.
» Then show the bit sequences arranged

in the above fashion

« Number of rows present in a standard array = z'ﬂ_k

= 25—3

8 rows




Step 4.

000 000 { 001011 010110 100101 011101 101110 110011

111 000

000 001

Instruction for the animator

Text to be displayed in the working area (DT)

* Show the text in DT

« Choose a minimum weight n-tuple from the remaining n-tuples
 Place the n-tuple of weight 1 in the first column of second row
» This n-tuple is called the error pattern

» Add the error pattern to each of the codewords in the first row to

form the second row




Step 5:

000 000 {l001 011 010110 100101 011101 101110 110011 111000
000 001

Instruction for the animator Text to be displayed in the working area (DT)

* Show rectangles as shown in the figure | « Add the error pattern to the first codeword

» Show the sentences in DT » Here the addition is modulo - 2 addition




Step 6:

000 000 {|001 011 010110 100101 011101 101110 110011 111000
000 001 { 001 010
Instruction for the animator Text to be displayed in the working area (DT)

colour

* Then show the result of addition in red « The result of modulo - 2 addition




Step 7.

000 000

001 011

010 110

100101 011101 101110 110011 111000

000 001

001 010

Instruction for the animator

Text to be displayed in the working area (DT)

* Show the sentence in DT

« Add the error pattern to the second codeword




Step 8:

000 000

001 011

010 110

100101 011101 101110 110011 111000

000 001

001010 010111

Instruction for the animator

Text to be displayed in the working area (DT)

colour

* Then show the result of addition in red

« The result of modulo - 2 addition




Step 9:

000 000

001 011 010 110

100101 011101 101110 110011 111000

000 001

001010 010111

Instruction for the animator

Text to be displayed in the working area (DT)

* Show the sentence in DT

« Add the error pattern to the second codeword




Step 10:

000 000

001 011 010 110

100101 011101 101110 110011 111000

000 001

001010 010111

100 100

Instruction for the animator

Text to be displayed in the working area (DT)

colour

* Then show the result of addition in red

« The result of modulo - 2 addition




Step 11:

000 000 ;001011 010110 100101 011101 101110 110011 111000
000 001} { 001 010 010111 100100 011100 1011117 110010 111001

Instruction for the animator Text to be displayed in the working area (DT)

» Similarly show for entire second row




Step 12:

000 000 |{ 001 011 010110 100101 011101 101110 110011 111000
000 001 | 001 010 0101117 100100 011100 1011117 110010 111001
000 010

Instruction for the animator Text to be displayed in the working area (DT)

* Show the sentence in DT « Choose another n-tuple of minimum weight from the remaining n-

. i tuples
* Show the bit sequence of 1s and 0Os in

the third row




Step 13:

000 000 {|001 011y 010110 100101 011101 101110 110011 111000

000 001 { 001010 010111 100100 011100 1011117 110010 111001

000010 : 001001 010100 1001117 011111 101100 110001 111010
Instruction for the animator Text to be displayed in the working area (DT)

* Show rectangles as shown in the figure | « Add the error pattern to the first codeword
* Show the sentences in DT » Here the addition is modulo - 2 addition

* Show the addition for all the
codewords similar to the first row
(repeat steps 5 and 6)




Step 14:

000 000

001 011

010 110 100 101

011 101

101 110 110011

111 000

000 001

000 010
000 100

001 000

010 000
100 000

001 010

001 001
001 111

000 011

011 011
101 011

010 111 100 100

010 100
010 010

011 110

000 110
110 110

100 111
100 001

101 101

110 101
000 101

011 100

011 111
011 001

010 101

101 111 110010

101 100 110 001
101 010 110 111

111 001

111 010
111 100

100 110 111011

001101 111 110 100011

111 101

001 110 010011

110 00

101 00
011 OO0

Instruction for the animator

Text to be displayed in the working area (DT)

« Similarly repeat for all the other 4 bit
sequences




Step 15:

000 000

001 011

010 110 100 101

011 101

101 110 110011

111 000

000 001

000 010
000 100

001 000

010 000
100 000

001 010

001 001
001 111

000 011

011 011
101 011

010 111 100 100

010 100
010 010

011 110

000 110
110 110

100 111
100 001

101 101

110 101
000 101

011 100

011 111
011 001

010 101

101 111 110010

101 100 110 001
101 010 110 111

111 001

111 010
111 100

100 110 111011

001 101 111 110 100011

111 101

001 110 010011

110 00

101 00
011 00

Instruction for the animator Text to be displayed in the working area (DT)

« Then show the text in DT « All the n-tuples or vectors of weight 1 are exhausted

* Now choose another n-tuple of weight 2 from the remaining n-
tuples

0
« There are ()) =15 n-tuples of weight 2




Step 16:

000 000

001 011

010 110 100 101

011 101

101 110 110011 111 000

000 001

000 010
000 100

001 000

010 000
100 000

001 010

001 001

010 111 100 100

010 100

001 111
000 011

011 011
101 011

010 010

100 111
100 001

011 110

000 110
110 110

101 101

110 101
000101

011 100

011 111
011 001

010 101

001101
111 101

101 111 110010

101 100 110 001
101 010 110 111

100 110 111011

111 001

111 010
111 100

110 00

111 110 100 011
001 110 010011

Instruction for the animator Text to be displayed in the working area (DT)

* Then show the lines at given places « Out of 15 n-tuples 12 are present in the array, so take any one of

the remaining three n-tuples of weight 2 and place it in the last row
» Also change the colour of those

codewords

» After this show the text in DT




Step 17:

000 000

001 011

010 110 100 101

011 101

101 110 110011

111 000

000 001

000 010
000 100

001 000
010 000
100 000
100 010

001 010

001 001
001 111

000 011

011 011
101 011

010 111 100 100

010 100
010 010

011 110

000 110
110 110

100 111
100 001

101 101

110 101
000 101

011 100

011 111
011 001

010 101

101 111 110 010

101 100 110 001
101 010 110 111

111 001

111 010
111 100

100 110 111011

001101 111110 100011

111 101

001 110 010011

110 00

101 00
011 OO0

Instruction for the animator

Text to be displayed in the working area (DT)

« Show the bit sequence in the first
column as shown

« Then repeat steps 5 and 6




Step 18:

000 000

001 011

010 110

100101 011101 101110 110011

111 000

000 001

000 010
000 100

001 000

010 000
100 000

001 010

001 001
001 111

000 011

011 011
101 011

010 111

010 100
010 010

011 110

000 110
110 110

100 100 011100 101111 110010

100 111
100 001

101 101

110 101
000 101

011 111
011 001

010 101

101 100 110 001
101 010 110 111

111 001

111 010
111 100

100 110 111011

001101 111110 100011

111 101

001 110 010011

110 00

101 00
011 OO0

100 010 { 101 001 110100 000111 111111 001100 010001 011010

Instruction for the animator Text to be displayed in the working area (DT)

« Atlast show this entire table and the
text in DT

 This is the Standard array for a (6,3) code
» The rows in a standard array are called Cosets

» The first element in a row of the standard array is called the Coset
leader

« Coset leaders are exactly the correctable error patterns




Step 19:

Let the received vector r be 000 110

Instruction for the animator

Text to be displayed in the working area (DT)

+ Show the array and down the array
show the above statements




Step 20:

000 000

001 011

010 110 100 101

011101 101110 110011

111 000

000 001

000 010
000 100

001 000
010 000
100 000
100 010

001 010

001 001
001 111

000 011
011 011
101 011
101 001

010 111 100 100

010 100
010 010

011 110

110 110

100 111
100 001

101 101

110 101
000 101

011100 101 111 110010

011111 101100 110001
011 001 101010 110 111

111 001

111 010
111 100

010101 100110 111011

001101 111110 100011

111 101 001 110 010011
111 111

110 100 000 111

Then the received vector r is decoded to be the 010 110 from the
Standard array

110 00

101 00
011 OO0

001 100 010001 011010

Instruction for the animator

Text to be displayed in the working area (DT)

« Show the received vector r in different
colour(blue)

« Then show the bit sequence in purple
colour and give the statement “the ris
decoded as




Step 21 Syndrome decoding

Instruction for the animator

Text to be displayed in the working area (DT)

 Show the textin DT

» Huge storage memory (and searching time) is required by standard
array decoding.

* Hence another method called Syndrome decoding is used.

» The syndrome depends only on the error pattern and not on the
transmitted codeword.

- Therefore, each coset in the array is associated with a unique
syndrome.

« All the n-tuples in a coset have the same syndrome and different cosets have
different syndromes.

« Syndrome decoding reduces storage memory from  NX2" to

27k(2n-k). Also, It reduces the searching time considerably.




Step 22:

1 1 01 0 0
01 1 0 1 0
1 01 0 01

T
Il

Weknowr=v+eand 5= HT

 Therefore s=e.HT since v.HT =0
Instruction for the animator Text to be displayed in the working area (DT)
» Show the text in DT along with the * H is the parity check matrix
matrix

* Also show the text below the matrix




0
| 01 1
] 1 0 0
01 0
00 1

= [ €] T €3 T €4 €3 T €3 T €5 i'1+i':-'.+i'n]

Instruction for the animator

Text to be displayed in the working area (DT)

* Show the above text




Step 24:

Coset Leader/ error pattern
000 000
000 001
000 010
000 100
001 000
010 000
100 000
100 010

Syndrome
000
001
010
100
011
110
101
111

Instruction for the animator

Text to be displayed in the working area (DT)

 Show the above text




Step 25:

Suppose r = 000 110 10 1
s=r.H'= [ 000 1 1 0] L1 0
0 1 1

=110

0 1 0
0 0 1

Instruction for the animator

Text to be displayed in the working area (DT)

* Show the above text




Step 25:

Then compute v=1r+e

where 4 is the estimated codeword

r is the received vector

e is the error pattern corresponding to the syndrome S

Therefore ' =000 110 + 010 000 = 010 110

Hence r is decode as 010 110

Instruction for the animator

Text to be displayed in the working area (DT)

« Show the above text




Electrical Engineering

Test your understanding

Want to know more...

Introduction Definitions Analogy {questionnaire) Lets Sum up (summary] Bl ading)
Interactivity:
O ITryityourseIf I
1 0 0 ]
G=| 010 e s o o ener e
0 0 1

The user should be able to provide the remaining
9 elements with 1s and Os




Questionnaire

1. Given a (10,5) binary linear block code, how many
vectors in each row and column does the Standard array
have?

Answers: a)z210 , 25 Db)25 25 c) 25 , 210 d) None

2. How many correctable error patterns are present in a
(n, k) binary linear block code?

nswers: a) 2 b) 2* c) 2% d) None



Questionnaire

01 1 1 0 0

3. Given H = 1 01 0 1 0
1 1 0 0 01

Given 7™ = 011110 7= = 111001
Does r1 and 7z belong to the same coset?
Answers: a) No b) Yes
4. Given r; =101 101 and r, = 101 010

Consider a binary linear block code with minimum distance
3. Then can the vectors be in the same coset?

int: The minimum distance of linear block code is equal to
the minimum weight of its non — zero codewords

Answers: a) Yes b) No



Links for further reading

Reference websites:
http://users.ece.gatech.edu/~swm/ECE6606/mod11.pdf
http://en.wikipedia.org/wiki/Linear_code

Books:

Error Control Coding — Shu Lin and Daniel J. Costello, Jr., second

editon, Pearson

Research papers:



Project LIMNb U

Open Source Courseware Animations Repository

Summary

« Syndrome decoding is a more efficient method of decoding a linear code over a noisy
channel. Syndrome decoding is minimum distance decoding using a reduced lookup table.

* Ablock code of length 1 and g"f codewords is called a linear (n,k) code if and only if its
j"" codewords form a k - dimensional subspace of the vector space of all the 1- tuples
over the field GF(2).
. Any codeword v = uG
where u is the message and G is the generator matrix
The dimensionofvislxn,uislxkand Giskxn

«  The error vector or error pattern e is the difference between the received n-tuple r and the
transmitted codeword v:

hence the received vector r is the vector sum of the transmitted codeword and the error vector.

r=v+e
. Whenr is received, the decoder computes the following:
s=r.HT

s is called the Syndrome of r

The dimension of sis 1 x n-k, ris 1 x n and HT is nx n-k




